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Abstract
The superembedding approach to p-branes is used to study a class of p-branes which have
linear multiplets on the worldvolume. We refer to these branes as L-branes. Although linear
multiplets are related to scalar multiplets (with 4 or 8 supersymmetries) by dualising one of the
scalars of the latter to a p-form field strength, in many geometrical situations it is the linear
multiplet version which arises naturally. Furthermore, in the case of 8 supersymmetries, the
linear multiplet is off-shell in contrast to the scalar multiplet. The dynamics of an L-brane are
obtained by using a systematic procedure for constructing the Green-Schwarz action from the
superembedding formalism. This action has a Dirac-Born-Infeld type structure for the p-form.
In addition, a set of equations of motion is postulated directly in superspace, and is shown to
agree with the Green-Schwarz equations of motion.
†
E-mail: oraetzel@mth.kcl.ac.uk
1 Introduction
In recent years there has been renewed interest in superstring theory as a candidate theory that
unifies all the fundamental forces in nature. The interest was sparked by the realisation that
the five different consistent ten-dimensional superstring theories are in fact related to each other
by duality transformations. Furthermore, it is believed that they are related to a new theory
in eleven dimension which has been called M-theory. A crucial roˆle in this development has
been played by the soliton solutions of superstrings and eleven-dimensional supergravity which
correspond geometrically to multi-dimensional objects present in the spectra of these theories.
These are generically referred to as p-branes.
One way of studying the dynamics of p-branes is to use the theory of superembeddings [1, 2, 3].
In this framework the worldvolume swept out by a p-brane is considered to be a subsupermani-
fold of a target superspace. A natural restriction on the embedding gives rise to equations which
determine the structure of the worldvolume supermultiplet of the p-brane under consideration
and which may also determine the dynamics of the brane itself. There are several types of
worldvolume supermultiplets that can arise: scalar multiplets, vector multiplets, tensor multi-
plets which have 2-form gauge fields with self-dual field strengths, and multiplets with rank 2
or higher antisymmetric tensor gauge fields whose field strengths are not self-dual [3]. Although
this last class of multiplets can be obtained from scalar or vector multiplets by dualisation (at
least at the linearised level) it is often the case that the version of the multiplet with a higher
rank gauge field is more natural in a given geometrical context. For example, D-branes in type
II string theory have worldvolume vector multiplets but, in the context of Dp-branes ending on
D(p + 2)-branes, the dual multiplet of the latter brane occurs naturally [4].
In this paper we discuss a class of p-branes whose members are referred to as L-branes. By
definition, these branes are those which have worldvolume supermultiplets with higher rank
non-self-dual tensor gauge fields which are usually referred to as linear multiplets, whence the
appellation. According to [3] there are two sequences of L-branes: the first has as its members a
5-brane in D = 9, a 4-brane in D = 8 and a 3-brane in D = 7 which all have eight worldvolume
supersymmetries, while the second has only one member, the 3-brane in D = 5 which has four
worldvolume supersymmetries. These sequences and their worldvolume bosonic field contents
are tabulated below, where Ap denotes a p-form potential and (S, T ) are auxiliary fields.
8 world susy L5-brane D=9 3φ, A4
L4-brane D=8 3φ, A3, S
L3-brane D=7 3φ, A2, S, T
4 world susy L3-brane D=5 φ, A2
The 3 and 4-branes of the first sequence can be obtained by double dimensional reduction
from the first member of the sequence, namely the 5-brane in D = 9, and the latter can be
intepreted as arising as a vertical reduction of the geometrical sector of the heterotic/type I
5-brane, followed by the dualisation of the scalar field in the compactified direction. By the
geometrical sector we mean the sector containing the worldvolume fields corresponding to the
breaking of supertranslations. The relevant target space field theory in this context is the dimen-
sional reduction of the dual formulation of N = 1,D = 10 supergravity followed by a truncation
of a vector multiplet. The L5-brane is expected to arise as a soliton in this theory. Another
possible interpretation of this brane is as the boundary of a D6-brane ending on a D8-brane.
In this case the target space geometry should be the one induced from the embedding of the
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D8-brane in type IIA superspace. However, in this paper we shall take the target space to be flat
N = 1,D = 9 superspace for simplicity. The generalisation to a non-trivial supergravity back-
ground is straightforward while the generalisation to an induced D8-brane background geometry
is more complicated and would require further investigation.
The L3-brane in D = 5 also has two possible interpretations. On the one hand it may arise
as the geometrical sector of a soliton in heterotic/type I theory compactified on K3 to D = 6,
vertically reduce toD = 5 and then dualised in the compactified direction. Alternatively, it could
be related to the triple intersection of D-branes [5] over a 3-brane with one overall transverse
direction. This brane will be studied in [6] as an example of a brane of codimension one.
A feature of L-branes is that their worldvolume multiplets are off-shell multiplets in contrast
to many of the branes that have been studied previously such as M-branes and D-branes. In
particular, this is true for the worldvolume multiplets of the first sequence of L-branes, even
though their dual versions involve hypermultiplets which are unavoidably on-shell. The standard
embedding constraint does not lead to the dynamics of L-branes and imposing the Bianchi
identity for the worldvolume tensor gauge field does not change the situation. As a consequence
the equations of motion of such branes have to be determined by other means, either by directly
imposing an additional constraint in superspace or by using the recently proposed brane action
principle which has the advantage of generating the modified Born-Infeld term for the tensor
gauge fields in a systematic way [7]. We note that the heterotic 5-brane in N = 1,D = 10,
which is related to the L5-brane in D = 9 as we described above, would normally be described
by a worldvolume hypermulitplet which is on-shell. However, as noted in [3], one can go off-shell
using harmonic superspace methods. This has been discussed in detail in a recent paper [8].
In the foregoing discussion we have assumed throughout that the target space supersymmetry is
minimal. It is possible to relax this. For example, one can obtain an L2-brane in anN = 2,D = 4
target space by double dimensional reduction of the L3-brane in D = 5. This brane and the
non-linear dynamics of the associated linear multiplet has been studied from the point of view
of partial breaking of supersymmetry in reference [9].
The organisation of the paper is as follows: in the next section we give a brief introduction to the
theory of superembeddings; in section 3 we study the L5-brane in D = 9 at the linearised level;
in section 4 the torsion and Bianchi identities are solved in the non-linear theory; in section 5
we construct the action and in section 6 we derive the Green-Schwarz equations of motion and
determine how these can be expressed in superspace. In section 7 the L3-brane in D = 7 and
L4-brane inD = 8 are studied. Some concluding remarks are made in section 8. Our conventions
for spinors, gamma matrices and superforms are given in an appendix.
2 Superembeddings
In the superembedding approach to p-branes both the target space and the worldvolume swept
out by the brane are superspaces. This is different to the Green-Schwarz formalism where only
the target space is taken to be a superspace while the worldvolume is purely bosonic. The local
κ-symmetry of the GS formalism can be understood as arising from the local supersymmetry of
the worldvolume in the superembedding approach upon gauge-fixing.
The geometric principles underlying the superembedding approach were given in [10]. The
embedding f : M → M , which maps the worldvolume M into the target superspace M , is
chosen to break half of the target space supersymmetries so that the fermionic dimension of
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M must be chosen to be half the fermionic dimension of M . More general embeddings which
break more of the supersymmetries are possible but will not be considered here. We adopt the
general convention that worldvolume quantities are distinguished from target space quantities
by underlining the latter. Coordinates on the worldvolume (target space) are denoted by zM =
(xm, θµ) and zM = (xm, θµ) respectively; the tangent bundles are denoted by T (T ) and local
preferred bases are denoted EA = (Ea, Eα) and EA = (Ea, Eα). The associated cotangent
bundles T ∗ (T ∗) are similarly spanned by the dual basis one-forms EA = (Ea, Eα) and EA =
(Ea, Eα). The target space supervielbein EM
A and its inverse EA
M are used to change from a
preferred basis to a coordinate basis. The worldvolume supervielbein and its inverse are similarly
denoted, but without underlining of the indices. In the foregoing latin indices are bosonic and
greek indices are fermionic.
The embedding matrix EA
A specifies the relationship between the bases on T and T
EA = EA
AEA . (1)
Expressed in local coordinates the embedding matrix is given by
EA
A = EA
M∂Mz
MEM
A . (2)
The basic embedding condition is that the purely fermionic part of T is determined only by the
pullback of the purely fermionic part of T and does not involve the pullback of the bosonic part
of T . This means that the embedding matrix should satisfy the constraint
Eα
a = 0 . (3)
This basic embedding constraint determines the supermultiplet structure of the brane and in
many cases will also be enough to put the brane on-shell. In some cases, however, an additional
constraint involving forms on the worldvolume and the target space is necessary. The L-branes
discussed in this paper are particularly interesting in this regard because the embedding con-
straint (3) is not sufficient to determine the dynamics of these branes so that the equations of
motion must be derived from additional constraints or actions.
In order to make further progress it is convenient to introduce the normal tangent bundle T ′
which has a basis denoted by EA′ = (Ea′ , Eα′). This basis is related to the basis of T by the
normal matrix EA′
A. Note that normal indices are distinguished from tangent indices by primes.
There is considerable freedom in the choice of the components of EA
A and EA′
A. A simple and
convenient choice is
Ea
a = ua
a Eα
a = 0
Ea
α = Λa
β′uβ′
α Eα
α = uα
α + hα
β′uβ′
α
Ea′
a = ua′
a Eα′
a = 0
Ea′
α = 0 Eα′
α = uα′
α .
(4)
where Λa
β′ is an arbitrary vector-spinor. The matrices ua
a and ua′
a together make up an
element of the Lorentz group of the target space and, similarly, the matrices uα
α and uα′
α make
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up the corresponding element of the spin group. With this choice the components of the inverse
matrices ((E−1)A
A, (E−1)A
A′) are given by
(E−1)a
a = (u−1)a
a (E−1)a
α = 0
(E−1)α
a = 0 (E−1)α
α = (u−1)α
α
(E−1)a
a′ = (u−1)a
a′ (E−1)a
α′ = −(u−1)abΛbα′
(E−1)α
a′ = 0 (E−1)α
α′ = (u−1)α
α′ − (u−1)αβhβα′ .
(5)
The consequences of the basic embedding condition can be conveniently analysed by means of
the torsion identity which is simply the equation defining the target space torsion tensor pulled
back onto the worldvolume by means of the embedding matrix. Explicitly, one has
∇AEBC − (−1)AB∇BEAC + TABCECC = (−1)A(B+B)EBBEAATABC . (6)
where ∇ denotes a covariant derivative which acts independently on the target space and world-
volume indices. There are different possibilites for this derivative and we shall specify our choice
later. With the embedding condition (3) the dimension zero component of the torsion identity
does not involve any connection terms and reduces to the simple form
Tαβ
cEc
c = Eα
αEβ
βTαβ
c (7)
In a sense one can consider the dimension zero component of the torsion tensor (Frobenius
tensor) as the basic tensor in superspace geometry and the above equation specifies how the
target space and worldvolume Frobenius tensors are related.
The flat target superspace geometry for Lp-branes (p = 3, 4, 5) also includes the following dif-
ferential forms
G2 = dC1 ,
Gp+1 = dCp ,
Gp+2 = dCp+1 − C1Gp+1 , p = 3, 4, 5, (8)
which obey the Bianchi identities
dG2 = 0 ,
dGp+1 = 0 ,
dGp+2 = G2Gp+1 . (9)
In the flat target space under consideration here the non-vanishing components of the forms Gq
are
Gαβa1...a(q−2) = −i(Γa1...a(q−2))αβ , (10)
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except for Gαβabc which arises for the L4-brane in D = 8, in which case a factor of Γ9 is needed
so that (ΓabcΓ9)αβ has the right symmetry. In D = 8, 9 the spinor indices label 16 component
pseudo-Majorana spinors while in D = 7 they represent a pair of indices, one of which is an
Sp(1) doublet index, which together label a 16 component symplectic-Majorana spinor.
In proving the Bianchi identities dGp+1 = 0 for Lp-branes in (p + 4) dimensions, the following
Γ-matrix identities are needed:
(Γa1)(αβ (Γ
a1···a(p−1))γδ) = 0 . (11)
These identities are well known in the context of the usual p = 2, 3, 4, 5-branes in D = 7, 8, 9, 10,
respectively [11, 12]. To prove the Bianchi identity dGp+2 = G2Gp+1 for an Lp-brane in (p +
4) dimensions, on the other hand, one needs to use a Γ-matrix identity resulting from the
dimensional reduction of (11) from one dimension higher. For example, to prove dG7 = G2G6
for the L5-brane in D = 9, one needs the following identity
(Γa1)(αβ (Γ
a1···a5)γδ) + C(αβ (Γ
a2···a5)γδ) = 0 , (12)
which follows from the identity (11), which holds in D = 10, by a dimensional reduction to
D = 9.
In addition to the geometrical quantities for each Lp-brane there is a (p− 1)-form worldvolume
gauge field Ap−1 with modified field strength p-form Fp defined by
Fp = dAp−1 − Cp , p = 3, 4, 5 , (13)
where Cp is the pull-back of a target space p-form Cp. This field stength obeys the Bianchi
identity
dFp = −Gp+1 , (14)
where Gp+1 is the pull-back of a target space (p + 1)-form Gp+1. In the first sequence of
Lp-branes this identity is a consequence of the basic embedding condition (3), while for the
L3-brane in D = 5 this is not the case. For this brane the F Bianchi identity is required in order
to completely specify the worldvolume supermultiplet as a linear multiplet.
3 The Linearized Theory
Let us consider the linearisation of a flat brane in a flat target space. The target space basis
forms are
Ea = dxa − i
2
dθα(Γa)αβθ
β ,
Eα = dθα . (15)
In the physical gauge we have
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xα = (xa, xa
′
(x, θ)) ,
θα = (θα,Θα
′
(x, θ)) . (16)
where it is supposed that the fluctuations of the brane which are described by the transverse
(primed) coordinates as functions of the (unprimed) brane coordinates are small. In addition
we write the worldvolume basis vector fields in the form EA
M∂M = DA − HABDB where
DA = (∂a,Dα) is the flat covariant derivative on the worldvolume. In the linearised limit, the
elements of the embedding matrix take the form
Ea
b = (δa
b, ∂aX
b′), (17)
Eα
β = (δα
β,DαΘ
β′), (18)
Ea
β = (0, ∂aΘ
β′). (19)
Consequently, (3) tells us that the deformation HA
B of the supervielbein vanishes and that
DαX
a′ = i(Γa
′
)αβ′Θ
β′ , (20)
where
Xa
′
= xa
′
+
i
2
θα(Γa
′
)αβ′Θ
β′ . (21)
For the L-branes of the first sequence (20) takes the form
DαiX
a′ = i(γa
′
)ijΘ
j
α , a
′ = 1, 2, 3; i = 1, 2 . (22)
Defining
Xij = (γ
a′)ijXa′ , (23)
substituting into (22) and multiplying by γa′ we get
DαiXjk = −i(ǫijΘαk + ǫikΘαj). (24)
This equation describes the linear multiplet with eight supersymmetries in d = 6, 5, 4 corre-
sponding to the L5, L4 and L3-branes of the first sequence. The field content of this multiplet
consists of 3 scalars, an 8-component spinor and a divergence-free vector in all cases together
with an additional auxiliary scalar in d = 5 and two auxiliary scalars in d = 4. The dual of
the divergence-free vector can be solved for in terms of a 4, 3 or 2-form potential in d = 6, 5, 4
dimensions respectively. For example, in d = 6, spinorial differentiation of (24) gives
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DαiΘβj = ǫij(γ
a)αβha +
1
2 (γ
a)αβ∂aXij, (25)
where ha is the conserved vector in the multiplet, ∂
aha = 0. This field, together with the 3
scalars Xij and the 8 spinors Θαi (evaluated at θ = 0) are the components of the (off-shell)
linear multiplet. At the linearised level the field equations are obtained by imposing the free
Dirac equation on the spinor field (γa)αβ∂aΘβ
j = 0. One then finds the Klein-Gordon equation
∂a∂
aXij = 0 for the scalars and the field equation for the antisymmetric tensor gauge field
∂[ahb] = 0.
4 The L5-brane in D=9
We now turn to a detailed discussion of the L5-brane in D = 9 in a flat target superspace. We
begin with a brief discussion of the target space geometry. This can be derived most simply by
dimensional reduction from the flat N = 1,D = 10 supergeometry. In this way or by a direct
construction, one can establish, in addition to the usual supertorsion, the existence of the 2, 6, 7
forms G2, G6, G7 defined in (9).
In N = 1,D = 9 flat superspace, the only non-vanishing component of the torsion tensor is
Tαβ
c = −i(Γc)αβ . (26)
With this background we can now start to study the details of the L5-brane using the torsion
identity (6). From this starting point there are now two equivalent ways to proceed. The first one
is to fix some of the components of the torsion tensor on the worldvolume TAB
C in a convenient
form. The second one is to fix the connection used in (6) by specifying some of the components
of the tensor XA,B
C defined by
XA,B
C ≡ (∇AuBC)(u−1)CC . (27)
Using this method all the components of the worldvolume torsion can be found in terms of the
vector-spinor Λb
β′ introduced in (4). Although the two methods are equivalent, we have found
that in practice the second method is more efficient and will be used here. The components of
XA,B
C can be chosen to be
XA,b
c = XA,b′
c′ = 0
XA,β
γ = XA,β′
γ′ = 0. (28)
Note that, since XAB
C takes its values in the Lie algebra of the target space Lorentz group, the
components with mixed primed and unprimed spinor indices are determined by the components
with mixed vector indices. Thus we have
XA,β
γ′ = 14(Γ
bc′)β
γ′XA,bc′ ,
XA,β′
γ = 14(Γ
bc′)β′
γXA,bc′ . (29)
7
We shall now analyse the torsion identity (6) order by order in dimension starting at dimension
zero.
Dimension 0
We recall that the dimension 0 component of the torsion identity is
Tαβ
cEc
c = Eα
αEβ
βTαβ
c (30)
Projecting (30) with (E−1)c
c′ and using the expressions for the embedding matrix given in (4)
we find
hαiβ
k(γc
′
)kj + hβjα
k(γc
′
)ik = 0 , (31)
which can be solved for hα
β′ to give
hα
β′ = hαiβ
j = δi
jha(γ
a)αβ , (32)
where h2 ≡ haha. Projection with (E−1)cc on the other hand yields
Tαβ
a = −iǫij(γb)αβmba , (33)
where ma
b is given by
ma
b = (1− h2)δab + 2hahb . (34)
At the linearised level the field ha coincides with the divergence-free vector field in the linear
multiplet discussed in the previous section. As we shall see later the divergence-free condition
receives non-linear corrections in the full theory.
Dimension 1/2
At dimension 12 equation (6) gives rise to two equations
∇αEbc + TαbcEcc = −Eb βEααTαβc (35)
and
∇αEβ γ +∇βEα γ + TαβγEγ γ = −TαβcEc γ . (36)
Projection of (35) with (E−1)c
c gives
Tαb
c = iha(γ
aγc)α
βΛbβi , (37)
while projection with (E−1)c
c′ gives
Xαi,b
c′ = −i(γc′)ijΛbαj . (38)
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The dimension 12 component of XA,B
C , Xα,β
γ′ , is then determined due to the fact that
Xα,β
γ′ = −1
2
(γb)βγ(γ
c′)j
kXαi,bc′ . (39)
Similarly one finds that
Xα,β′
γ =
1
2
(γb)βγ(γc
′
)j
kXαi,bc′ . (40)
Projecting (36) with (E−1)γ
γ we find
Tαβ
γ = −hβδ′Xα,δ′γ − hαδ′Xβ,δ′γ , (41)
while projecting onto the transverse space with (E−1)γ
γ′ we find
∇αiha = i
2
(Λ˜αia − (γaγb)αβΛ˜βib) , (42)
where Λ˜αib is defined by
Λ˜αia ≡ mabΛαib . (43)
All dimension 12 quantities on the worldvolume can therefore be expressed in terms of the vector-
spinor Λb
β′ and the worldvolume vector ha.
Dimension 1
At dimension 1 equation (6) again gives two equations but now involving spacetime derivatives
of the embedding matrix EA
A, namely
∇aEbc −∇bEac + TabcEcc = Eb βEaαTαβc (44)
and
∇aEβ γ −∇βEa γ + TaβcEc γ + TaβγEγ γ = 0 . (45)
The first of these equations, when projected onto the transverse space, gives
Xa,b
c′ = Xb,a
c′ . (46)
This also determines Xa,β
γ′ because
Xa,β
γ′ = −1
2
(γb)βγ(γ
c′)j
kXa,bc′ . (47)
Furthermore,
Xa,β′
γ =
1
2
(γb)βγ(γc
′
)j
kXa,bc′ . (48)
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Projection onto the worldvolume on the other hand yields
Tab
c = −iΛbβi(γc)βαΛaαi. (49)
Equation (45), when projected onto the worldvolume with (E−1)γ
γ , gives
Taβ
γ = Λa
δ′Xβ,δ′
γ − hβδ′Xa,δ′γ . (50)
The analysis of the projection of (45) onto the transverse space, however, is more difficult. The
resulting equation can be analysed more easily if we multiply by ma
b; we then find that
∇βjΛ˜bγk = −1
2
(γc′)jkmb
amd
e(γd)βγXa,e
c′ + ǫjk(γc)βγmb
a∇ahc
−ihbΛ˜cαj(γca)αβΛaγk + ihaΛ˜cαj(γbc)αβΛaγk − ihdΛ˜cαj(γdc)αβΛbγk
− i
2
hcΛ˜bαj(γ
dc)αγΛdβk − i
2
hcΛ˜bγjΛcβk + ihcΛ˜bαj(γ
dc)αβΛdγk + ih
cΛ˜bβjΛcγk
+
i
2
ǫjkhcΛ˜bα
i(γdc)αγΛdβi +
i
2
ǫjkh
cΛ˜bγ
iΛcβi. (51)
Using the fact that [∇A,∇B ]hc = −TABD∇Dhc −RABcdhd it can now be shown that
Tαβ
d∇dhc = −Tαβγ∇γhc −∇α∇βhc −∇β∇αhc +Xα,ca′Xβ,a′dhd +Xβ,ca′Xα,a′dhd. (52)
From (52) and (42) it can be seen that mb
a∇ahc is in fact a function of ha, Λbβ′ and ∇βjΛ˜bγk.
With this substitution (51) can be rewritten to give a rather unwieldy expression for Xa,e
c′ in
terms of ∇βjΛ˜bγk and terms of order Λ2.
Dimension 3/2
The dimension 32 component of (6) is given by
∇aEb γ −∇bEa γ + TabcEc γ + TabγEγ γ = 0 . (53)
Its projection onto the worldvolume determines Tab
γ to be
Tab
γ = Λa
β′Xb,β′
γ − Λbβ′Xa,β′γ (54)
while the projection onto the normal space gives
∇[aΛb]γ
′
= −Λ[aβ
′
Xb],β′
δhδ
γ′ − TabcΛcγ′ (55)
so that all dimension 32 components are expressible as functions of lower dimensional quantities.
No further components exist at higher dimensions. The torsion identity (6) therefore determines
all the fields on the worldvolume of the brane off-shell.
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The F Bianchi Identity
In addition to the torsion identities all L-branes should satisfy a further condition which relates
superforms on the target space and worldvolume. In the case of the L5-brane there is a world-
volume 4-form gauge potential A4 with corresponding field strength 5-form F5. The explicit
form for F5 is
F5 = dA4 − C5 (56)
where C5 is the pull-back onto the worldvolume of the target space 5-form potential. The
corresonding Bianchi identity is
dF5 = −G6 (57)
where G6 is the pull-back of G6 = dC5. Equation (57) can then be solved for F5. All the
components of this tensor are zero except at dimension zero where we find
Fabcde = −2(m−1)eghf ǫabcdfg (58)
where (m−1)a
b is the inverse of ma
b which is given explicitly by
(m−1)a
b =
1
1− h4 [(1 + h
2)δa
b − 2hahb] , (59)
where h2 ≡ haha and h4 ≡ (h2)2. Furthermore, it is easy to see that the positive dimension
components of the Bianchi identity are also satisfied. To see this it is convenient to define a
6-form I6 as I6 = dF5−G6. It is then straightforward to show that dI = 0 if we remember that
the pullback commutes with the exterior derivative. All components of I6 itself with more than
two spinorial indices must vanish on dimensional grounds. To show that the other components
are also zero we then have to use the fact that dI6 = 0 at each dimension independently. Doing
this recursively proves I6 = 0 and thereby establishes (57).
We conclude this section by noting the relation between the Hodge dual of Fabcde and ha which
follows from (58):
Fa = 2h
a
1− h2 , F
a = 15! ǫ
abcdeFbcde , h2 ≡ haha . (60)
5 The Construction of the Action
Recently it was shown how GS-type actions can be systematically constructed for most branes
starting from the superembedding approach [7]. The only brane actions that cannot be con-
structed are those of the 5-branes in D=7 and D=11 which both have self-dual anti-symmetric
tensors as components of their supermultiplets. For all other p-branes the starting point for the
construction of the action is a closed (p+ 2)-form, Wp+2, the Wess-Zumino form, on the world-
volume. This (p + 2)-form is given explicitly as the exterior derivative of the (locally defined)
Wess-Zumino potential (p+1)-form, Zp+1, Wp+2 = dZp+1. Since the de Rham cohomology of a
supermanifold is equal to the de Rham cohomolgy of its body, and since the dimension of the
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body of the worldvolume superspace is p + 1, it follows that Wp+2 is exact, so that there is a
globally defined (p+ 1)-form Kp+1 on the worldvolume satisfying
dKp+1 =Wp+2 (61)
The Green-Schwarz action of the p-brane can then be defined as
S =
∫
Mo
L0p+1 (62)
where Mo denotes the (bosonic) body of M ,
Lp+1 = Kp+1 − Zp+1 , (63)
and L0p+1 is defined by
L0p+1 = dx
mp+1 ∧ dxmp . . . dxm1Lm1...mp+1 | , (64)
where the vertical bar indicates evaluation of a superfield at θ = 0.
By construction dLp+1 = 0. The κ-symmetry of the GS-action is ensured because, under a
worldvolume diffeomorphism generated by a worldvolume vector field v,
δvLp+1 = LvLp+1 = ivdLp+1 + divLp+1
= d(ivLp+1) . (65)
As explained in [7], reparametrisations and κ-symmetry transformations on Mo are essentially
the leading components in a θ expansion of worldvolume diffeomorphisms so that the action
given above is invariant under these transformations by construction.
In the case of the L5-brane the Wess-Zumino 7-form is given by
W7 = dZ6 = G7 +G2F5 . (66)
where Z6 can be chosen to be
Z6 = C6 +G2A4 + C1C5 . (67)
The globally defined 6-form K6 needed for the construction of the action can be solved from
W7 = dK6 . (68)
The only non-zero component of K6 is the purely bosonic one which is found to be
Kabcdef = −1 + h
2
1− h2 ǫabcdef . (69)
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Using (60) we may rewrite the function appearing in (69) as
1 + h2
1− h2 =
√
1 + F2 , (70)
where F2 ≡ FaFa. This is the L-brane analogue of the Dirac-Born-Infeld term in the D-brane
action. Therefore K ≡ 16!ǫa1...a6Ka1...a6 | is given by
K =
√−g
√
1 + F2
=
√
−det (gmn + FmFn) , (71)
where g = det (gmn) is the determinant of the metric on the bosonic worldvolume induced by
the embedding
gmn = EmaEnbηab = emaenbηab , (72)
where
Ema = EmAEAa| , (73)
and Fa is related to Fm through the worldvolume vielbein ema as Fm = emaFa. The final form
for the L5-brane action is therefore given by
S =
∫
Mo
d6xL (74)
where the Green-Schwarz Lagrangian is
L =
(√
−det (gmn + FmFn)− 1
6!
ǫm1...m6Zm1...m6
)
| , (75)
with Zm1···m6 given in (67).
6 The Equations of Motion
From the action given in the last section it is straightforward to derive the equations of motion
for the L5-brane. The dynamical variables in the action are the worldvolume gauge potential
Amnpq and the coordinate z
M on the target space manifold. The variation with respect to the
worldvolume gauge field is straightforward and yields
√−g∇m
(
1√
1 + F2F
mnpqr
)
=
1
2
ǫm1m2npqrEm2M2Em1M1GM1M2 (76)
where EmM ≡ ∂mZM , g is again the induced GS metric on Mo and the covariant derivative is
formed using the Levi-Civita connection of the metric g. Note that the Green-Schwarz embed-
ding matrix (often denoted by Π) EmA is given by
13
EmA = ∂mzMEMA = EmMEMA . (77)
The variation of the action with respect to zM , however, is rather more involved. Defining
VM ≡ δzM and V A = VMEMA we find that the variation of the metric gmn is given by
δgmn = 2(∂mV
a + EmβV αTαβa)Ena. (78)
Similarly, the variation of Fm1···m5 gives
δFm1···m5 = Em5A5 . . . Em1A1V AGAA1...A5 + 5∂m5
(
V A5Em4A4 . . . Em1A1CA1...A5
)
. (79)
The complete variation of the Green-Schwarz Lagrangian L (up to total derivatives) with respect
to the zM is then given by
δL = √−g tmn
(
∂mV
a − iEmγV β(Γa)βγ
)
Enbηab
+
1
5!
√−g 1√
1 + F2F
m1...m5Em5M5 . . . Em1M1V NGNM1...M5
− 1
6!
ǫm1...m6Em6M6 . . . Em1M1V NGNM1...M6
− 1
5!
ǫm1...m6Em1M1V NGNM1Fm2...m6 , (80)
where we have used (76) and the tensor tmn is given by
tmn =
1√
1 + F2 (g
mn + FmFn) . (81)
It is straightforward to read off the equations of motion from (80). For the case of a flat target
space one finds, from the vanishing of the coefficent of V a,
∇m
(
tmnEnbηab
)
= − i
3!2!
1√
1 + F2F
m1...m5Em5 β5Em4 β4Em3b3 . . . Em1b1(Γab1...b3)β4 β5
+
i
4!2!
ǫm1...m6√−g Em6
β6Em5 β5Em4b4 . . . Em1b1(Γab1...b4)β5 β6 , (82)
where the covariant derivative is again the Levi-Civita derivative with respect to the GS metric,
and, from the vanishing of the coeficient of V α,
tmnEmβ(Γa)βαEnbηab = − 1
4!
1√
1 + F2F
m1...m5Em5b5 . . . Em2b2Em1 β(Γb2...b5)αβ
+
1
5!
ǫm1...m6√−g Em6
b6 . . . Em2b2Em1 β(Γb2...b6)αβ
+
1
5!
ǫm1...m6√−g Em1
βCαβFm2...m6 , (83)
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We shall now compare these equations of motion with the equations of motion one derives for
the L-brane in superspace, i.e. with both worldvolume and target superspaces. The simplest
case to consider is the fermion equation of motion in a flat target space, equation (83), and we
shall retrict the discussion to this example.
The most general Dirac-type equation we can write down in superspace is
MabEb
βua
a(Γa)βα = 0 (84)
where Mab = Aηab + Bhahb, A and B being scalar functions of ha. It turns out that this
equation (evaluated at θ = 0) is equivalent to (83) provided that we choose the tensor Mab to
be equal to mab. In fact, the equation then reduces to the Dirac equation for the spinor Λ˜, i.e.
the superspace analogue of the linearized Dirac equation introduced in (43).
To show that this is the case we need first to evaluate (84) at θ = 0. We note that
Ea
α| = Ea βQβα (85)
where Eaα = eamEmα, eam being the inverse vielbein for the GS metric, and where Q is a
projection operator given by
Qα
β = (E−1)α
γ′Eγ′
β| . (86)
It is easy to evaluate Q explicitly; one finds
2Q = 1 +
1
6!
ǫa1...a6 Γˆa1...a6 − haΓˆa −
1
5!
ǫab1...b5haΓˆb1...b5 , (87)
where
Γˆa := EaaΓa . (88)
To show the equivalence of the two fermionic equations one simply computes (84) and then
right multiplies it by 2(1− h4)−1(1− haΓˆa). The resulting equation then has the same form as
equation (83) when this is expressed in terms of h rather than F . This equation takes the form
(
1− h2
1 + h2
ηab + 4
hahb
1− h4
)
Ebb(Γˆa)αβ = − 1
4!
2
1− h4 ǫ
ba1...a5ha5Eb β(Γˆ)a1...a4)αβ
− 1
5!
ǫba1...a5Eb β(Γˆa1...a5)αβ −
2hb
1− h2Eb
βCαβ . (89)
One might wonder whether other choices of the tensorMab could lead to a different consistent set
of equations of motion. Although we have not checked this we believe that it is unlikely. In other
words, if one were to make a different choice for Mab one would find non-linear inconsistencies
at higher dimension arising as a consequence.
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7 L-branes in D=7 and D=8
The L3-brane in D = 7 and the L4-brane in D = 8 can in principle be derived by double
dimensional reduction from the L5-brane in D = 9. However, it is simpler to construct them
directly using the same techniques that were used for the L5-brane. To derive the action we
only need to analyse the torsion and Bianchi identities at dimension zero as this information is
sufficient to compute the (p + 1)-form Kp+1 which, together with the Wess-Zumino form Zp+1
determines the action from (63) and (62).
7.1 The L4-Brane in D = 8
The analysis of the dimension zero torsion identity is similar to the L5-brane case; from (30)
one again finds the constraint (31) on the field hα
β′ → hαiβj which is solved by
hαiβj = ǫij (CαβS + (γ
a)αβ ha) . (90)
The scalar field S can be identified with the auxiliary field of the linear multiplet in d = 5. The
dimension 0 components of the worldvolume torsion are found to be
Tαi,βj
a = −iǫij
(
(γb)αβmb
a + Cαβm
a
)
, (91)
where
mb
a = (1 − h2 + S2)δba + 2hahb , (92)
ma = 2S ha . (93)
From the Bianchi identity
dF4 = −G5 , (94)
it follows that
Fa = − 2ha
5(1− h2 + S2) , (95)
where Fabcd = ǫabcdeFe.
To construct an action, we need to consider the Wess-Zumino form
W6 = dZ5 = G6 +G2F4 . (96)
with Z5 given by
Z5 = C5 +G2A3 + C1C4 . (97)
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The globaly defined 5-form K5 needed for the construction of the action can be solved from
W6 = dK5. We find that the only non-zero
component of K5 is the purely bosonic one given by
Kabcde = −
(
1 + h2 − S2
1− h2 + S2
)
ǫabcde. (98)
Using the action formula S =
∫
Mo
d5xL where L = K5 −Z5 and recalling (95) and (98) we find
that the Lagrangian can be written as
L =
(√
−det (gmn + 25(1 − S2)FmFn)− 1
5!
ǫm1...m5Zm1...m5
)
| , (99)
with Zm1···m5 given in (97).
7.2 The L3-Brane in D = 7
The construction of the L3-brane action in D = 7 parallels exactly the constructions presented
above. We find that the analogues of the equations (90)-(97) for this case are
hαiβj = ǫij (CαβS + (γ5)αβT + (γ5γ
a)αβ ha) , (100)
where S, T are the auxilary fields, and
Tαi,βj
a = −iǫij
(
(γb)αβmb
a + (γba)αβmb
)
, (101)
where
ma
b = (1 − h2 + S2 + T 2)δba + 2hahb, (102)
ma = 2Tha . (103)
Furthermore, starting from the Bianchi identity
dF3 = −G4 , (104)
we find that
Fa = − ha
3(1− h2 − S2 − T 2) , (105)
where Fabc = ǫabcdFd and that
W5 = dZ4 = G5 +G2F3 . (106)
17
Z4 = C4 +G2A2 + C1C3 . (107)
Kabcd = −
(
1 + h2 − S2 − T 2
1− h2 + S2 + T 2
)
ǫabcd. (108)
Again, using the action formula S =
∫
Mo
d4xL where L = K4−Z4 and recalling (105) and (108)
we find that the Lagrangian for the L3-brane in D = 7 can be written as
L =
(√
−det (gmn + 36(1 − S2 − T 2)FmFn)− 1
4!
ǫm1...m4Zm1...m4
)
| , (109)
with Zm1···m4 given in (107).
8 Comments
We have seen that L-branes are examples of a class of p-branes with an unconventional world-
volume supermultiplet, namely the linear multiplet. These branes arise naturally within the
superembedding approach but have so far been neglected in the literature. In marked difference
to most other branes we have seen that the linear multiplets are off-shell. One of the conse-
quences is that the usual torsion equations are not the equations of motion for the branes. In
fact these have to be derived from an action. We have illustrated the dynamics of the L5-brane
by solving the highly non-linear torsion equations in terms of a divergence-free vector ha and a
vector-spinor Λa
α′ in a flat target space background. For the L4-brane in D = 8, an aditional
auxiliary scalar S and for the L3-brane in D = 7, the additional auxiliary scalars (S, T ) were
shown to arise. Using a general action principle which is valid for the construction of actions
for most branes we have found the Green-Schwarz action of the L-branes. For the L5-brane we
derived the Green-Schwarz equations of motion and we illustrated the relationship between the
equations of motion in superspace and those derived from the action in the case of the spinor
equation.
We have noted that the L5-brane can be viewed as the dimensional reduction of a superfivebrane
in D = 10 dimensionally reduced to D = 9, followed by dualization of the scalar corresponding
to the extra dimension to a 4-form potential. This relation between a fivebrane in D = 10 and
L5-brane in D = 9 is similar to the relation between the M2-brane in D = 11 and D2-brane
in D = 10. The latter relation has been called M-duality [13] which relates Type IIA string
theory to M-theory in the strong coupling limit. Other worldvolume duality transformations
have also been studied. Indeed, the worldvolume U(1) gauge fields arising in Dp-branes have
been dualized to (p−2)-form gauge fields for p ≤ 4. We refer the reader to [14] for various aspects
of these dualizations and for an extensive list of references for earlier works on the subject. The
point we wish to emphasize here is that, while the methods employed in the literature so far for
worldvolume dualizations become forbiddingly complicated beyond p = 4, the superembedding
approach provides an alternative and simpler method which seems to apply universally to all
possible branes. Regardless of the approach taken, results obtained in the area of worldvolume
dualizations are hoped to provide further connections among a large class of branes that arise
in the big picture of M-theory.
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As mentioned earlier, we have focused our attention on flat target superspaces in this paper.
The generalisation of our work to curved target superspace is straightforward. Consider the
case of the L5-brane, for example. The results presented in sections 4 and 5 remain the same
in curved superspace. The superforms occurring in the Wess-Zumino term (67), however, now
live in a curved target superspace. The field strength forms G2, G6, G7 still obey the Bianchi
identities (9), but they will have more nonvanishing components than those given in (10). The
expected solution to the full set of Bianchi identities is N = 1,D = 9 supergravity coupled to
a single vector multiplet, as resulting from the dimensional reduction of the N = 1,D = 10
supergravity theory in its dual formulation. Thus, the D = 9 field content is
Supergravity : (gmn, Cm1···m5 , Cm1···m6 , φ) (ψm, χ)
Maxwell : (Cm, σ) (λ) (110)
where we have grouped the bosonic and fermionic fields separately, in a self explanatory notation.
It should be noted that the fields C5 and C6 come from the dimensional reduction of a 6-form
potential, and (C1, σ) come from the Kaluza-Klein reduction of the metric in D = 10. The
coupling of n vector multiplets to N = 1,D = 9 supergravity has been determined in [15] in a
formalism that contains (B2, B1) which are the duals of (C5, C6) and in [16] in a formalism which
has the fields (C5, B1). It would be interesting to study the brane solitons of these theories and
to determine the maximum possible symmetries they may exhibit. It is known that the 5-brane
solution of N = 1,D = 10 supergravity involves a nonconstant dilaton and consequently it does
not give rise to an AdS7×S3 geometry in the near horizon limit (see [17] for a detailed discussion
of this matter and for earlier references). On the other hand, there exists a singleton field theory
which is a candidate for the description of a fivebrane in this background [18]. Given the close
relation between the L5-brane in D = 9 and the 5-brane in D = 10, it is natural to study the
L5-brane solution of the Einstein-Maxwell supergravity in D = 9 and to determine if it permits
a constant dilaton, thereby possibly giving rise to an AdS7×S2 near horizon geometry. It should
be noted that the candidate singleton field theory in this case would be characterized by a a
superconformal field theory of a free linear supermultiplet in six dimensions discussed in section
3, and whose superconformal transformations can be found in [19].
The field content of the target space Einstein-Maxwell supergravities relevant to the L4-brane
in D = 8 and L3-brane in D = 7 remains to be worked out in detail as well. The expected
results are various versions of Einstein-Maxwell supergravities in which certain fields have been
dualized.
Acknowledments
We thank M.J. Duff for useful discussions. This research has been supported in part by NSF
Grant PHY-9722090.
Appendix
19
8.1 Superspace Conventions
D=9 → d=6
The superembeddings studied in this note are taken to break half of the original target space
supersymmetries. This implies that the worldvolume of a brane has 12 the number of fermionic
coordinates of the target space. In the example of the L5-brane this means that the target space
M has 9 bosonic and 16 fermionic coordinates while the worldvolume of the brane M has 6
bosonic and 8 fermionic coordinates. To study the embedding in more detail it is convenient
to split the 9-dimensional γ-matrices in a way that reflects the embedding, i.e. SO(1, 8) →
SO(1, 5) × SU(2), as follows:
(Γa)α
β =
(
0 (γa)αβ
(γa)αβ 0
)
δi
j
(Γa
′
)α
β =
(
δα
β 0
0 −δαβ
)
(γa
′
)ij . (111)
The 9-dimensional charge conjugation matrix Cαβ is given by
Cαβ = ǫij
(
0 −δαβ
δαβ 0
)
. (112)
The conventions for the spinors are chosen such that 9-dimensional spinors ψα are pseudo-
Majorana while 6-dimensional spinors are chosen to be symplectic Majorana-Weyl. This implies
that
ψα →
{
ψα = ψαi
ψα′ = ψ
α
i .
(113)
SU(2)-indices can be raised and lowered with ǫij using the convention that λi = λ
jǫji. A useful
equation for manipulations of SU(2) γ-matrices is
(γc
′
)jk(γc′)il = ǫijǫkl + ǫjlǫik. (114)
The conversion between spinor and Lorentz indices is governed by
Kβ
γ =
1
4
δj
k(γbc)β
γKbc + δβ
γKjk (115)
and
Kβ
γ′ = −1
2
(γb)βγ(γ
c′)j
kKbc′ . (116)
D=8 → d=5
Cαβ = ǫij
(
Cαβ 0
0 −Cαβ
)
, (117)
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(Γa
′
)α
β = (γa
′
)i
j
(
0 δα
β
δαβ 0
)
(Γa)α
β = δi
j
(
(γa)α
β 0
0 −(γa)αβ
)
, (118)
ψα →
{
ψα = ψαi
ψα′ = φαi.
(119)
D=7 → d=4
Cαβ = ǫij
(
0 −Cαβ
Cαβ 0
)
, (120)
(Γa
′
)α
β = −(γa′)ij
(
δα
β 0
0 −δaβ
)
(Γa)α
β = δi
j
(
0 (γa)α
β
(γa)α
β 0
)
, (121)
ψα →
{
ψα = ψ
+
αi
ψα′ = ψ
−
αi.
(122)
Our conventions for superforms are as follows. Gauge potentials Aq are defined by
Aq =
1
q!
dzMq . . . dzM1AM1...Mq (123)
and field strengths by
Fq =
1
(q + 1)!
dzM(q+1) . . . dzm1FM1...M(q+1) . (124)
Wedge products between forms are understood. The exterior derivative d acting on a q-form ρ
we define by
dρ = dzM(q+1) . . . dzM1∂M1ρM2...M(q+1) (125)
and the interior product iv by
ivρ = qdz
Mq . . . dzM2vM1ρM1...M(q+1) . (126)
Both act from the right on products of forms, i.e.
d(ωρ) = ω(dρ) + (−1)q(dω)ρ (127)
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and
iv(ωρ) = ω(ivρ) + (−1)q(ivω)ρ (128)
where ω is a p-form and ρ is a q-form.
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